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Homotopy Algorithm for Maximum Entropy Design

Emmanuel G. Collins Jr.,* Lawrence D. Davis,* and Stephen Richtert
Harris Corporation, Melbourne, Florida 32902

Maximum entropy design is a generalization of the LQG method that was developed to enable the synthesis
of robust control laws for flexible structures. The method was developed by Hyland and motivated by insights
gained from statistical energy analysis. Maximum entropy design has been used successfully in control design for
ground-based structural testbeds and certain benchmark problems. The maximum entropy design equations
consist of two Riccati equations coupled to two Lyapunov equations. When the uncertainty is zero, the equations
decouple and the Riccati equations become the standard LQG regulator and estimator equations. A previous
homotopy algorithm to solve the coupled equations relies on an iterative scheme that exhibits slow convergence
properties as the uncertainty level is increased. This paper develops a new homotopy algorithm that does not
suffer from this defect and in fact can have quadratic convergence rates along the homotopy curve. Algorithms
of this type should also prove effective in the solution of other sets of coupled Riccati and Lyapunov equations
appearing in robust control theory.

Nomenclature
e$ = m -dimensional column vector whose ith

element equals one and whose additional
elements are zeros

Ir = r x r identity matrix
(R", (Rmxn = n x 1 real vectors, m xn real matrices
tr Z = trace of square matrix Z
vec( •) = invertible linear operator defined such

that vec(S) ^ Isfs? • • • 5*]T, S € (R"x«
where Sj € (Rp denotes they'th column
ofS

Y>Z = Y-Z is positive definite
Y>Z = Y -Z is nonnegative definite
Y/Z = matrix whose (1,7) element is y^ /z/7,

Y and Z must have identical dimensions
(MATLAB notation)

y*Z = Hadamard product of Y and Z
([yijZij I), Y and Z must have identical
dimensions

Z* = complex conjugate of the matrix Z
ZH = complex conjugate transpose of the

matrix Z, (Z*)r

Z(k, :) = A:th row of the matrix Z (MATLAB
notation)

Z(:, k) = A:th column of the matrix Z (MATLAB
notation)

Zij.j Z/j, or Z(ij) = (i,j) element of matrix Z
(g) = Kronecker product14

I. Introduction

T HE iinear-quadratic-Gaussian (LQG) compensator1 has
been developed to facilitate the design of control laws for

complex, multi-input/multi-output (MIMO) systems such as
flexible structures. However, it is well known that an LQG
compensator can yield a closed-loop system with arbitrarily
poor robustness properties.2 This deficiency has led to general-
izations of LQG that allow the design of robust controllers.
One such generalization of LQG is the maximum entropy con-
trol design approach that was originated by Hyland3 and Bern-
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stein and Hyland.4'5 Maximum entropy control design was
developed specifically to enable robust control law design for
flexible structures. In particular, this design technique devel-
ops control laws that are insensitive to changes in the (un-
damped) modal frequencies. The approach was motivated by
insights from statistical energy analysis and has proven to be
an effective tool in the design of robust control laws for
ground-based flexible structure testbeds6'7 and for certain
benchmark problems.8"10

The rigorous theoretical foundation for maximum entropy
design is not yet complete. However, in Ref. 11 it is shown
that, for an open-loop system, a Lyapunov function based on
the maximum entropy constraint equation predicts uncondi-
tional stability for changes in the undamped natural fre-
quency. The results of Ref. 11 also provide evidence that the
theoretical foundation of maximum entropy analysis and de-
sign may be related to recent robustness results based on pa-
rameter-dependent Lyapunov functions.12

The computation of full-order maximum entropy con-
trollers requires the solution of a set of equations consisting of
two Riccati equations coupled to two Lyapunov equations. If
the uncertainty is assumed to be zero, these equations decouple
and the Riccati equations become the standard LQG Riccati
equations. A homotopy algorithm for solving these equations
is described in Ref. 13. This algorithm is based on first solving
an LQG problem and gradually increasing the uncertainty
level until the desired degree of robustness is achieved. Unfor-
tunately, the algorithm of Ref. 13 relies on an iterative scheme
that tends to have increasingly poor convergence properties as
the uncertainty level is increased.

The contribution of this paper is the development of a new
homotopy algorithm for full-order maximum entropy design.
Unlike the previous approach, this algorithm can have quad-
ratic convergence rates along the homotopy curve. Algorithms
of this type should also prove effective in the solution of other
sets of coupled Riccati and Lyapunov equations appearing in
robust control theory (e.g., Ref. 12). The algorithm has been
implemented in MATLAB and is illustrated using a control
problem from the Active Control Technique Evaluation for
Spacecraft (ACES) testbed at NASA Marshall Space Flight
Center in Huntsville, Alabama. A useful feature of maximum
entropy design, seen in the example, is that it often produces
controllers that are effectively reduced-order controllers.
Other features of maximum entropy controllers are described
in Refs. 6 and 7.

The paper is organized as follows. Section II develops the
maximum entropy design equations. Section III gives a brief
svnopsis of homotopy methods. Next, Sec. IV develops a new
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homotopy algorithm for maximum entropy control design.
Section V illustrates the algorithm using a 17th-order model of
one of the transfer functions of the ACES structure at NASA
Marshall Space Flight Center. Finally, Sec. VI discusses the
conclusions.

II. Maximum Entropy Design Equations
Consider the system

x(t) = Ax(t) + Bu(t) + w,(0

where x 6 (R71*, u € (R"w,.y £ (R%.Wi 6 (R^is white disturbance
noise with intensity V\ > 0, w2 € (Rny is white observation noise
with intensity F2>0, and Wi and w2 have cross correlation
Ki2 € (R^x^. It is assumed that (A,B) is stabilizable and
(A, C) is detectable. Also, the matrix A is assumed to be of
the form

A = block

where A(2) represents the dynamics that are certain and ^4(1)

represents the nominal dynamics of the uncertain modes and is
in real normal form; for example,

°l], -V2> |"~"3 ""
-J>iJ |_-«3 -Vl

= block

We also assume that only the modes with complex eigenvalues,
corresponding to the 2x2 blocks

["" "'1[ -CO; -Vj\

are uncertain and that the uncertainty patterns A / 6 (RWjf xn* are
of the form

Af = block diag 0,. . . ,0, I , 0 , . . . , O J

Notice that the At correspond to errors in the undamped nat-
ural frequencies, i.e., the imaginary part of the eigenvalues.

The maximum entropy control design problem is stated as
follows. Find a full-order dynamic compensator (i.e., a com-
pensator of order nx),

xc(t)=Acxc(t) +

u(t)= -Ccxc(t)

which stabilizes AS9 defined later, and minimizes the cost func-
tional

J(Ac,Bc,Cc) = trQR

where Q satisfies
na

0 - ASQ + QAT
S + V + £ A

/ - i

and

1 ~ " I ? , ^ = block

.4

1 na

As = A + - £
2 /= !

, OnJ

R =

-5CC

^c-^cDC,

5CI

There is currently no rigorous justification for the requirement
that As be stabilized, but extensive numerical examples have
shown that stability of As insures stability of the nominal
closed-loop system. Notice that if no uncertainty is assumed
(i.e., a, =0), then the maximum entropy control design prob-
lem becomes the standard LQG problem. The solution to the
maximum entropy problem is characterized by the following
theorem.

Theorem 13~5. Suppose (Ac, Bc, Cc) solves the maximum
entropy control design problem. Then, there exist nonnega-
tive-definite matrices Q,P9 (5, and P such that Ac, Bc, and Cc
are given by

Ac = As - BRz lPa -QaV2~lC + QaV2~ 1DR2
 lPa

where

and the following conditions are satisfied:

0 = AT,P + PAS +R'i - P?R2- lPa + t a i (1)

0 = ASQ + QAT
S + K, - QaV2~ ' Q? + ajA,(Q + Q)AT

( (2)
/=•!

(3)

(4)

Remark 1 . If no uncertainty is assumed (i.e., ce/ = 0), then
Eqs. (1-4) decouple, Eqs. (1) and (2) become the standard
LQG regulator and estimator Riccati equations, and (Ac, Bc,
Cc) defined in Theorem 1 is an LQG compensator.

III. Homotopy Methods for the Solution of
Nonlinear Algebraic Equations

In the next section, we present a homotopy algorithm for
solving the maximum entropy design equations (1-4). A ho-
motopy is a continuous deformation of one function into an-
other. The purpose of this section is to provide a very brief
description of homotopy methods for finding the solutions of
nonlinear algebraic equations. The reader is referred to
Refs. 15-17 for additional details.

The basic problem is as follows. Given set 0 and $ con-
tained in (Rn and a mapping F : 0^$, find solutions to

F(B) = 0

Homotopy methods embed the problem F(B) = 0 in a larger
problem. In particular, let H : 0 x [0, 1]^(R" be such that the
following conditions exist:

1) H(Q, 1) = F(0).
2) There exists at least one known 00 € (R" that is a solution

to//(-,0) = 0, i.e.,

ff(00, 0) = 0

3) There exists a continuous curve (0(A), X) in (Rnx [0, 1]
such that

with

//(0(A), X) = 0 for X € [0, 1]

(0(0), 0) = (0o,0)
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4) The curve (0(X), X) is differentiable.
A homotopy algorithm then constructs a procedure to com-

pute the actual curve (0(X), X) such that the initial solution 0(0)
is transformed to a desired solution 0(1) satisfying

Differentiating //(0(X), X) = 0 with respect to X yields Davi-
denko's differential equation:

d/f d0
86 dX

dH
(5)

Together with 0(0) = 00, Eq. (5) defines an initial value prob-
lem that by numerical integration from 0 to 1 yields the de-
sired solution 0(1). Some numerical integration schemes are
described in Ref. 17.

IV. Homotopy Algorithm for Full-Order
Maximum Entropy Control Design

This section presents a novel homotopy algorithm that can
be used to design full-order maximum entropy controllers. The
algorithm is based on explicitly solving the four coupled max-
imum entropy design equations given in Eqs. (1-4).

A. Homotopy Map
To define the homotopy map we assume that the plant ma-

trices (A, B, C, D), the cost-weighting matrices (Ri9 R2, R\2),
the disturbance matrices (V\, V2, F12), and the vector of uncer-
tainty weights (a. 6 (R"a) are functions of the homotopy param-
eter X € [0, 1]. In particular, the following is assumed:

\A(\)
Lc(X) D(\)\

B0

D0

JWX)

B

where

and LRf0 and LRj satisfy

LRQ^T 4 ^LO ^12,0 I A R1J
=\BT

\-Kl2,f

where

and LV,Q an

Ly(\) =

F,/ satisfy

VT V^12,0 K2,o

oi
',oJ ^12,/ ^2,0

• _ _ 1 O vt

j]
\

,0 J

Notice that at X = 0, ^4(X)=^40 . fl(X) = 5o,.:.,a?(X) = aJ t/,
whereas at X= 1, ̂  (X) = v4/, B(\) = Bf, . . . ,-a?(X)-= o£,... Some
guidelines for choosing the initial and final matrices are dis-
cussed later in Sec. IV.C.

The homotopy 0 = //((P, Q, P, g),X) is given by the equa-
tions

0 = AS(\)Q(\) + G(XM5( - Qa(\)V2-

(7)

+ /5(X)[X,(X)-Q,,(X)K2-1(X)C(X)]

+ Pa(\)TR2
l(\)Pa(\)

0= [A,(\)-B(X)R;1(\)P.(\)]Q(\)

+ <2(X)[X(X)-.B(X)*2-1(X)Pa(X)]r

where

(8)

(9)

K12(X)

B. Derivative and Correction Equations
The homotopy algorithm presented in the next section uses

a predictor/corrector numerical integration scheme. The pre-
dictor steps require derivatives [P(X), Q(X), P(\) (5(X)], where
M=dM/dX, whereas the correction step is based on using
Newton corrections, denoted here as (AP, AQ, AP, AQ). Next
we derive the matrix equations that can be used to solve for the
derivatives and corrections. For notational simplicity we omit
the argument X in the derived equations.

7. Derivative Equations
Differentiating Eqs. (6-9) with respect to X gives the follow-

ing coupled matrix equations:

0 = AT
PP + PAP + R

QAT
Q + F+

0 = AT
QP + PAQ + R + GCQF + FQGC

aJA^PAf (10)

0 =

where

EPGB

jA^A] (11)

(12)

(13)

R + Ri-

— Pa R2>mvPa

= ASQ + QA

- (QCT+

T

(6)
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±[AS- QaV2-lwC- QaV2-,mC - (QCT+ K12)K2,invC] TP

2>invC- eAinvC - (QCT+ K12) K2,invC]

RT
n) + (BTP+RT

n)TR2-lmPa

+ Pa^2,m\Pa

V 4 [As-BR2-mvPa -BR2-mvPa-BR2tmv(BTP+Rl2)] Q

+ Q [As-BR2-mvPa -BR2>invPa -BR2-mv(BTP+Rl2)] T

GB=-BR2>mvBT, G c = -CrK2,invC, £ = Q, F = P

Hp — BR2)[nvPa, HQ = Qa^2,inv^> Kp = Inx> KQ — 7^

Note that in the previous equations we have used the notations

A r> -1 a/,sq =

2. Correction Equations
The correction equations are developed with X at some fixed

value, say X*. The derivation of the correction equations is
based on the relationship between Newton's method and a
particular homotopy. In the following text we use the notation

Let/ : (Rw—(R" be C1 and consider the equation

0=/(0) (14)

If 0(/) is the current approximation to the solution of Eq. (14),
then the Newton correction18 A0 is given by

0(/+i) _ 0(0 A A0 = -f'(6(i>)-le (15)

where

Now, let 0(/) be an approximation to 6 satisfying Eq. (14).
Then, with e as given immediately above, construct the follow-
ing homotopy to solve Eq. (14):

(l-Me=f(0(PJ), 0 6 [0,1] (16)

[Note that at /3 = 0 Eq. (16) has solution 0(0) = 0(/), whereas
0(1) satisfies Eq. (14)]. Then, differentiating Eq. (16) with re-
spect to ft gives

30
(17)

Remark 2. Note that the Newton correction A0 in Eq. (15)
and the derivative d6/dft\^=0 in Eq. (17) are identical. Hence,
the Newton correction A0 can be found by constructing a
homotopy of the form of Eq. (16) and solving for the resulting
derivative d6/dfi\p=Q. As seen later, this insight is particularly
useful when deriving Newton corrections for equations that
have a matrix structure. It is also of interest to note that the
homotopy of Eq. (16) is appropriately referred to in some
literature as a "Newton homotopy. "15

Now, we use the insights of Remark 2 to derive the equa-
tions that need to be solved for the Newton corrections
(AP, AQ, AP, AQ). We begin by recalling that X is assumed to
have some fixed value, say X*. Also, it is assumed that P*, Q*,

P*, and Q* are the current approximations to P(X*), Q(X*),
P(X*), and (5(X*) and that EP, EQ, £>, and EQ are, respec-
tively, the errors in Eqs. (1-4) with X = X* and P(X), Q(X),
P(X), and Q(X) replaced by P*, Q* P*, and (5*.

We next form the homotopy

- ft)EP = AT
sP(ft) + P(ft)As + R, - Pa(ft)TR2

 lPa (ft)

=AsQ(p) + Q(p)AT
s + K, -

E otAi
/=!

+ P((S) [A, -

(1 -fiEQ = [A, -BR;lPa(p>}Q(p)

(18)

(19)

(20)

(21)

where

As = A + £ a] A]
i=\

Pa = BTP(ft) + *g,

and the system matrices are assumed to be evaluated at X = X*,

. . . ] . Differentiating Eqs. (18-21) with respect to ft and using
Remark 4 to make the replacements

dP dG

d/J

gives

0 = ̂ ^AP + AP^p + R +

0 = ̂ nAg + AQ + F +

/=!

0 = ̂ A

0 = ApAQ + &QAT
P + V + GBAPE + EAPGB

where

R=EP, V = EQ, R=Ep,

(22)

(23)

(24)

(25)

GB=-BR2-1BT, G c= -CrK2-'C, E = Q,

HP=BR2-lPa,
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Comparing Eqs. (22-25) with Eqs. (10-13) reveals that the
derivative and correction equations are identical in form. Each
set of equations consists of four coupled Lyapunov equations.
Since these equations are linear, by using Kronecker products14

they can be converted to the vector form Gi\-b where for
Eqs. (22-25) x is a vector containing the independent elements
of AP, AQ, AP, and AQ. The ft is then a square matrix of
dimension 2nx (nx + 1). Inversion of Q is hence very computa-
tionally intensive for even relatively small problems (e.g.,
/I, = 10).

Fortunately, the coupling terms described by the summation
terms in Eqs. (22) and (23) are relatively sparse. In particular,
each summation has only 3na independent terms. Hence, a
technique similar to that described in Ref. 19, which exploits
this sparseness, can be used to efficiently solve Eqs. (22-25) [or
equivalently Eqs. (10-13)]. The details of the solution proce-
dure are described in Appendix B. The solution procedure re-
lies on the solution of a maximum entropy Lyapunov equation
as described in Appendix A. The results of Appendix A are
also based on the results of Ref. 19. Both Appendices A and B
rely on diagonalization of the coefficient matrices of each of
the Lyapunov equations. Since efficient MATLAB implemen-
tation requires the minimization of the use of for loops, the
solution procedures of Appendices A and B implement the
techniques of Ref. 19 with minimal looping. A complete
derivation of these results is presented in Ref. 20.

C. Overview of the Homotopy Algorithm
This section describes the general logic and features of

the homotopy algorithm for full-order maximum entropy
control. It is assumed that the designer has supplied a set
of system matrices Sf = (Af, Bf, C/, £>/, R{J, R2J, Rnj, Vltf,
V2j,Vi2j, oif) describing the optimization problem whose
solution is desired. In addition, it is assumed that the de-
signer has chosen an initial set of related system matrices
S0 = (A0, #0, C0, DQ, Rli0, R2,0, *i2,o, K l f 0 > K2>0, Klf0j, <*0) that
has an easily obtained or known solution (P0, 60 PO» 60) to
the maximum entropy design equations. Note that we can
always choose a0 = 0 in which case (Po, (?o» PO» 60) cor-
responds to an LQG problem and can be computed using
standard Riccati equation and Lyapunov equation solvers.
In practice, we often choose the remaining system matrices
to have equal initial and final values, i.e., Af = A0, Bf = B0,
...9Ru = Rlt09 R2j = R2,o,".,Vij=Vi,o, K2i /=K2,o. How-
ever, there is a strong rationale for allowing these matrices to
vary during the homotopy. For example, suppose a maximum
entropy controller of a particular robustness (corresponding to
some value of a) is designed but the controller authority level
is not desirable. Then, instead of changing the weights
Ri,R2,R\2, V\>Vi, and F12 to reflect the desired authority
level, solving the corresponding LQG problem (that is, the
problem with a = 0), and then using the homotopy algorithm
to reinsert the robustness (corresponding to the original value
of a), we can use the homotopy algorithm to modify the
weights Ri,R2,...9 with a fixed to its original value. Simi-
larly, we can modify the nominal plant matrices A, B, C, and
D with a fixed to reflect new data concerning the plant.

Later we present an outline of the homotopy algorithm. This
algorithm describes a predictor/corrector numerical integra-
tion scheme. The prediction step uses cubic spline prediction as
described next.

1. Cubic Spline Prediction
Here we use the notation that X0, X_! , and \i represent the

values of X at, respectively, the current point on the homotopy
curve, the previous point, and the next point. Also, A/=dM/
dX. The prediction of P(Xi) requires P(X0), P(X0), P(X_i) ,
and P(X_i). In particular,

vec [P(Xi)j = a0 + 0i^i + 02^1 + 03X3!

where 00, ^ i» #2» and #3 are computed by solving

[aQ a{ a2 a3]

1 0
X0 1
X2

0 2X0

XQ 3XQ

vec[P(X_,)]
vec[P(X_,)]
vec [P(Xo)]
vec [p(Xo)j

Note that if P(X_ i) and P(X_ i) are not available (as occurs at
the initial iteration of the homotopy algorithm), the P(XO is
predicted using linear prediction, i.e.,

2. Outline of the Homotopy Algorithm
Step 1: Initialize loop = 0, X = 0, AX € [0, 1], S=50, (P,

aAQ)==(Po»eo,Po,do).
Step 2: Let loop = loop + 1 . If loop = 1 , then go to step 4.
Step 3: Advance the homotopy parameter X and predict

the corresponding P(X), Q(X), P(X), and <5(X) as follows:
3a: LetX0 = X.
3b: LetX = X0 + AX.
3c: Compute P(X0), Q(X0), P(X0), and (5(X0) using

Eqs. (10-13).
3d: If loop = 2, predict P(X), Q(X), P (X), and Q (X) using

linear prediction, or else predict P(X), g(X), P(X), and Q(X)
using cubic spline prediction.

3e: Compute the errors (EP , EQ , Ep , EQ) in the maximum
entropy equations (1-4). If the max(||£p||, \\EQ\\9 \\Ep\\,
\\EQ\\) satisfies some preassigned tolerance, then continue.
Otherwise reduce AX and go to step 3b.

Step 4: Correct the current approximations P(X), Q(X),
P(X), and g(X) as follows.

4a: Compute the errors (EP ,EQ,Ep,EQ)m the maximum
entropy equations (1-4).

4b: Solve Eqs. (22-25) for AP, AQ, AP, and AQ.
4c: Let

— Q(X) + Ag

— Q(X) + AQ

~- P(X) + AP,

— P(X) + AP,

4d: Recompute the errors (EP,EQ,Ep,EQ) in the maxi-
mum entropy equations (1-4). If the max (H^l , \\EQ\\ , ||£>|| ,
||£0||) satisfies some preassigned tolerance, then continue.
Otherwise go to step 4b.

Step 5: If X= 1, then stop. Otherwise go to step 2.
Remarks. Since the corrections of step 4 correspond to

Newton corrections, quadratic convergence can be insured by
choosing the prediction tolerance, used in step 3e, sufficiently
small. This insures that along the homotopy curve the approx-
imation to (P(X), Q(X), P(X), g(X)) is close to the optimal
value (P*(X), g*(X), P*(X), g*(X)). Hence, the quadratic
convergence properties of Newton's method18 can be realized.
This quadratic convergence has been observed in numerous
examples.

Remark 4. The previous homotopy algorithm for maxi-
mum entropy design advanced the P and Q equations sep-
arately from the P and Q equations. That is, P(X) and Q(X)
were corrected with P(X) = Pfl(X) and Q(X) = Qa(X) where
Pfl(X) and Qa(\) are approximations. Similarly, P(X) and
(5(X) were corrected with P(X) = Pfl(X) and 6(X) = Q0(X)
where Pa(X) and Qa(\) are approximations. This iterative
scheme tends to converge slowly as the uncertainty level is
increased and never exhibits quadratic convergence, no matter
how small the prediction tolerance.

Notice that the algorithm relies on solving four coupled
Lyapunov equations (10-13) or (22-25) at each prediction step
or correction iteration. Efficient solution of these equations
makes the algorithm feasible for large-scale systems. The cur-
rent solution procedure is based on diagonalizing the coeffi-
cient matrices Ap and Aq of the coupled Lyapunov equations.
This is usually possible. However, it is possible that this diag-
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Table 1 Run-time statistics of the maximum
entropy homotopy algorithm

PLANT BODE PLOT

Initial 0
0

0.01
0.1
1

Final (3
0.01
0.1

1
5

Megaflops
1246
1062
1062
1212

Real time, s
609
519
513
617

Predictions and
corrections

43
36
36
41

Table 2 Robustness to simultaneous shifts
in the undamped natural frequencies

18
0( = LQG)

0.01
0.1
1
5

Aojmin, rad/s
-0.000075
-0.0037
-0.080
-1.6
-15

Acomax, rad/s
0.0075
0.036
0.69
7.1
94

200

frequency (Hz)

frequency (Hz)

Fig. 1 Bode plot of SISO ACES transfer function.

onalization will be intractable for some points along the homo-
topy path. In this case, one could randomly perturb the system
matrices so that diagonalization is possible. The perturbation
is then removed at the end of the homotopy curve. This type
of random perturbation is commonly used in "probability one
homotopies."17 An alternative is to embed a numerical condi-
tioning test in the program to determine whether the coeffi-
cient matrices are truly diagonalizable. If they are not, then
one can solve the coupled Lyapunov equations using a non-
diagonal alternative such as the Schur decomposition.

V. Illustration of Maximum Entropy Design
Using the ACES Structure

This section illustrates the design of a maximum entropy
controller for a 17th-order model of one of the single-input/
single-output (SISO) transfer functions of the ACES structure
at NASA Marshall Space Flight Center.21 The actuator and
sensor are, respectively, a torque actuator and a collocated rate
gyro. The model includes the actuator and sensor dynamics. A
first-order all-pass filter was appended to the model to approx-
imate the computational delay associated with digital imple-
mentation.

The Bode plots of the open-loop plant are illustrated in
Fig. 1 . The basic control objective is to provide damping to the
lower frequency modes of the structure (i.e., the modes less
than 3 Hz) as measured by the rate gyro. The undamped natu-
ral frequencies of each of the eight flexible modes are consid-
ered uncertain. (Note that there are two modes at 2.4 Hz, one
of which is virtually unobservable.) Maximum entropy design
is used to add uncertainty to each of these modal frequencies
to increase the design robustness. The uncertainty vector
a € (R8 is given by

where each element of a0 € <3l8 has unity value, reflecting
equal uncertainty in each of the flexible modes and /3 is a scale
factor chosen to represent the level of uncertainty. The precise
relationship between /3 and the allowable frequency perturba-
tions is not currently defined by maximum entropy theory.

For this example, the MATLAB implementation of the max-
imum entropy homotopy algorithm was run on a 486, 66-MHz
personal computer. The only system matrix that was allowed
to vary was a; hence, Af = A0, Bf = B0, . . . , F12/ = V\2,o- Table
1 shows some of the run-time statistics of the program. The
highest uncertainty design, corresponding to /3 = 5, was ob-
tained in approximately 37 min. Notice that the number of
flops and the run time are essentially linear with respect to the
log of the scale factor (3. This general trend has also been
observed in other design examples.

MAGNITUDE OF CONTROLLERS
90

70

60

50

40

3,°o- 10° 101
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Fig. 2 Magnitude frequency response of LQG and maximum en-
tropy controllers.

As ]8 was increased, the maximum entropy controllers be-
came increasingly more tolerant to changes in the (undamped)
natural frequencies. Table 2 describes the robustness proper-
ties of the closed-loop systems when the natural frequencies of
the open-loop plant were simultaneously shifted by Ao>. The
parameter Aa>min corresponds to the maximum negative fre-
quency shift, whereas Acomax corresponds to the maximum pos-
itive frequency shift. Notice that the LQG controller is very
sensitive to perturbations in the natural frequencies. The max-
imum entropy controller corresponding to /3 = 5 allowed maxi-
mum perturbations that were more than four orders of magni-
tude greater than those allowed by the LQG controller.
Robustness analysis that allows independent variations in the
modal frequencies can be performed fairly nonconservatively
by using theory based on Popov analysis and parameter-de-
pendent Lyapunov functions.12 An illustration of the applica-
tion of this theory is given in Ref. 22.

Figures 2 and 3 compare, respectively, the magnitude and
phase of the initial LQG controller and the maximum entropy
controllers corresponding to /3 = 1 and 5. Notice that the /3 = 5
controller has a very smooth frequency response and is positive
real over a very large frequency band, giving it very significant
robustness. The magnitudes of the closed-loop transfer func-
tions corresponding to the LQG compensator and 0 = 5 maxi-
mum entropy compensator are shown in Fig. 4. As would be
expected, the nominal performance (measured by the amount
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Fig. 3 Phase frequency responses of LQG and maximum entropy
controllers.

ACES structure at NASA Marshall Space Flight Center. Very
robust designs were obtained in a reasonable amount of time
on a 66-MHz, 486 personal computer. For this example, an
interesting feature of the most robust maximum entropy con-
troller was that it was essentially a reduced-order controller.
This allowed a 17th-order compensator to be easily reduced to
a fourth-order compensator by using balanced controller re-
duction. The frequency responses of the two controllers were
essentially identical, indicating that the reduced-order con-
troller maintained the robustness and performance properties
of the full-order controller. Algorithms of the type described
here should also prove effective in the solution of other sets of
coupled Riccati and Lyapunov equations appearing in robust
control theory.

Appendix A: Efficient Computation of the Solution
to the Maximum Entropy Lyapunov Equation

The Appendix presents a solution procedure for efficiently
solving for Q satisfying the n x n maximum entropy Lyapunov
equation

CLOSED-LOOP TRANSFER FUNCTION MAGNITUDES

-20

-40

-60

-80

-100

-120
10° 102

frequency (Hz)

Fig. 4 Magnitude of the closed-loop transfer functions correspond-
ing to the LQG and ft = 5 maximum entropy controller.

of damping in the modes below 2 Hz) of the maximum entropy
controller was significantly less than that provided by the LQG
controller. However, significant damping was provided by this
controller, and as previously discussed, this controller is much
more robust than the LQG compensator.

The smoothness of the maximum entropy controller corre-
sponding to /3 = 5 indicates that its effective order is much less
than 17. Using balanced controller reduction,23 a fourth-order
compensator was obtained whose frequency response is nearly
identical to that of the 17th-order compensator. The ability to
produce what are essentially reduced-order controllers is an
important practical feature of maximum entropy design. An-
other interesting feature of maximum entropy design is that it
will sometimes widen and deepen controller notches to ro-
bustly gain stabilize certain modes. This property is illustrated
in Refs. 6 and 7. In Ref. 8, maximum entropy design is applied
to a multi-input/multi-output control problem, whereas in
Ref. 10 maximum entropy design is applied to a neutrally sta-
ble system.

VI. Conclusions
This paper has presented a new homotopy algorithm for

maximum entropy control design. The example of the previous
section illustrated the use of the algorithm using a medium
scale model (17 states) representing a transfer function of the

where

(Al)

(A2)

where £a 6 (Rna is a vector with distinct elements, each of which
lies in the interval [1 n] , and e : [1, 2, . . . , /i]--(R/l is defined
by

It is assumed that Eq. (Al) has a unique solution. The solution
procedure also assumes that A is nondefective and is based on
transforming A to a complex, diagonal matrix. Details of the
derivation of the solution procedure are given in Ref. 20.

Let ¥ be the eigenvector matrix of A , such that

A =

where A € Qnxn is diagonal. Then premultiplying and post-
multiplying Eq. (Al), respectively, by ¥ ~ * and ^f~H yield

0 = AQ + QA* + V+ M(Q)

where

V 4 *-I M(Q) =
(A3)

and

The solution procedure relies on the following definitions:

, (cow € (R77); X = [ A n A22 ••• A^]

(A4)

(A5)
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where

'(:, 4)) *(*-*(:,

where

(A6)

where

(A7)

(A8)

Summary of Solution Procedure
Step 1: Compute S, Mg>a, and NQt0l satisfying, respec-

tively, Eqs. (A4-A6).
Step 2: Compute PQ>a satisfying Eq. (A7).
Step 3: Compute TQ satisfying Eq. (A8).
Step 4: Compute Q satisfying

Step 5: Compute Q satisfying Eq. (A3) or equivalently

Q = *Q***

Remark A.I . An intermediate step in the derivation of the
solution procedure is that

where

and

~Zn(Q)

Z22(Q)

Zn(Q)

+ 1), : (:, k + 1)

Appendix B: Efficient Computation of the Solution
to Four Coupled Lyapunov Equations for

Differentiation and Correction
This Appendix develops a solution procedure for efficiently

solving for P, Q, P, and Q satisfying the four n x n coupled
Lyapunov equations

£
/=!

(Bl)

MT (B2>

P//P (B3)

(B4)

0 = AT
P + PA

0 = AQQ

0 = yl^P +

0 = APQ +

where Af is defined by Eq. (A2). It is assumed that Eqs.
(B1-B4) have a unique solution (P, Q, P, (5). It is also as-
sumed that y4p and AQ are nondefective. The solution proce-
dure is based on transforming AP and AQ to complex diagonal
matrices. The results of Appendix A are used extensively. The
actual solution procedure is summarized at the end of this
Appendix.

Let ^fP and ^Q be the eigenvector matrix of AP and AQ,
such that

AP = (B5)

where AP € Qnxn and AQ € enxw are diagonal. Substituting
Eqs. (B5) into Eqs. (B1-B4) yields

0 = A^P + PAP + R + MP(P) + MP(P)

0 = V +

0 =

0 =

where

GBP£

(B6)

(B7)

(B8)

(B9)

(BIO)

(Bll)

K=

Gc =

Hp = HQ = typ
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For X € (Rn and ^ 6 (R / IXW the functions seig, malpha, and
nalpha are defined as follows:

S = seig(X)

is equivalent to

is equivalent to

where

M<'> = («„(»*(:, !«)) »(**(:, 4)<8>O

f = '(«„ (x) *(:, 4)) * (*(:, 4

Na = nalphaW

is equivalent to

where

»„, 0® «£) * K

It follows from the results of Appendix A that Eqs. (B6)
and (B7) can be expressed as

vec(P) = TpSPvec(Mp(P)) + TPSPvec(R) (B12)

vec(0 = TQSQvec(tiQ(Q)) + TQSQvec(V) (B13)

where

TP =

SP = seig(X*P),

= (SQMQ)(xQQ>a

= seig(XQ)

XQ = [Ag

MQt(X =

Using standard Kronecker algebra, we can express Eqs. (B8)
and (B9) as

vec(^) = S$UPtl vec(P) + S$UQtl vec(Q) + S$ vec(JI)
(B14)

vec(^) = S^Up^ vec(P) + SfUQt2 vec(Q) + Sf vec(

where

(B15)

(B16)

c/Q,2 = (K%®HQ) + (H*Q®KQ)

Now, from the results of Appendix A, we can write

(B17)

(B18)'

(B19)

where

Substituting, Eqs. (B12) and (B13) into Eqs. (B14) and (B15)
gives

(B20)

(B21)

vec(^) =

. + S£U

vec(^) = S?Upi2TpSpvec-(lftp(P))

where

>1 TQSQvec(V) + S% vec(^)
(B22)

(B23)

Substituting Eqs. (B18) into Eqs. (B20) and (B21) gives

vec(^) = S$ UPtl TpSPMPtaz(P)

+ SQUQ.I TQSQMQ>az(& + Po (B24)

vec({5) = SpUP,2TPSPMPtaz(P)

(^) + §0 (B25)

Substituting Eqs. (B24) and (B25) into Eq. (B19) gives

Z(P) = NP,aS$ UPtl TPSPMP,az(P)

+ NP,aS$UQ>l TQSQMQtaz(& + NP,apo

P,a = nalpha(*p * ), NQ>a = nalpha (*a)
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or, equivalently,

AI A2] \z(~fh] =
D21 D22\[z(Q)\

Ai = /3«a - #p.«

Dn = -NP,aS$ UQtl TQSQMQ,a

D2\ = -N

(B26)

where

(B27)

(B28)

Finally, substituting Eqs. (B18) into Eqs. (B12) and (B13)
gives

vec(P) = TPSpMpt0iz(P) + TPSpVQc(R) (B29)

vec(g) = TQSoMQtaz(G) + TQSQvec(V) (B30)

Notice from Eqs. (B16) and (B17) that UPti, UQti, UP^ and
C/Q.2 are each an n2 x n2 matrix. The storage required to com-
pute these matrices is hence very large for large n. To avoid
this memory requirement it is possible to compute p0 and §0
satisfying Eqs. (B22) and (B23) and Ai, Ai» D2l, and D22
satisfying Eqs. (B27) using the identity

vec(ADB) = (BT®A)vQc(D)

By substituting Eqs. (B16) and (B17) into Eqs. (B19), (B27),
and (B28), and using Eq. (B29), it follows that p0, §0» Ai»
Dn » Ai, and D22 can be computed using the following algo-
rithms. In these algorithms vec ~ l : (Rn — (R" x n is understood to
be the operator satisfying

M = vec~1(vec(M))

Algorithm for computation of p0 and q0:

WP =

WQ =

P) + (GCWQF

o = vec((GBWp£ +HQWQK%) + (GBWPE

Algorithm for computation of Z)n, A2, Ai, and D22:

VP = TpSPMPy0i,

V)

VQ =

(:t i)HHP)

for i = l : 3na

Ai(:, 0 = /3»a -

A2(:, /) = -Np,a

02i C, 0 = -%«

D22(:, 0 = 73Wa -

Summary of Solution Procedure
Step 1: Construct Z)n, ^12* Ai> and Z)22 and solve Eq.

(B26) for Z(P) and z(Q).
Step 2: Solve Eqs. (B29) and (B30) for P and Q.
Step 3: Solve Eqs. (B24) and (B25) for P and Q.
Step4: Compute P, Q, P, and Q, satisfying Eqs. (BIO)

and (Bll), or equivalently

:, i)K« +KQVQ(:,
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